ABSTRACT By analogy with Maxwellian electromagnetic field, the modified gravity for the rotating planet is presented. The theory reasons out the inclined orbit of rotating planet in the solar system, and explains the existence of orbit inclination angle of the planet. When the rotating planet revolves round the sun on the solar equatorial plane, the study yields results consistent with Newtonian gravity, including the ellipse and equal-area law etc. When the orbital parameters are the constants, the rotating planet revolution the sun moves along the ellipse, which lies on the inclined plane with tiny orbital eccentricity in the three-dimensional space.
INTRODUCTION
The inclined orbit of the rotating planet is an attractive problem, and the existence of the orbit inclination angle puzzles the people continually. However, the current gravitational theories, including Newtonian gravity (Newton 1729) and General Relativity (Einstein 1955) etc., do not illustrate the problem of the inclined orbit of the rotating planet (Dobbs-Dixon et al. 2004; Konacki & Wolszczan 2004) , and then do not explain why the orbital motion of the planet is always accompanied by the orbit inclination angle (Ogilvie & Lin 2004; Khodykin et al. 2004; Dovciak et al. 2008) . The paper attempts to find out the reason for the existence of inclined orbit of the planet.
In contrast to the electromagnetic field, Newtonian gravity has solely the 'electric' component of the gravity, and General Relativity (Weinberg 1955; Khanna 2004; Mason et al. 2002) modifies the 'electric' component. Another important result of General Relativity is that the gravity possesses the 'magnetic' component, which does not appear in Newtonian gravity (Henry & Winn 2008; Barnes & Fortney 2003; Soker 2007) . Moreover, Newtonian gravity does not deal with the orbit inclination angle of the rotating planet. At present, some scholars (Mashhoon et al. 2007; Straten et al. 2001; Sibgatullin 2001 ) make efforts to apply General Relativity to the problem of the orbit inclination angle. But this puzzle remains unclear and has not satisfied results.
Based on previous studies (Weng 2006) and analogizing with Maxwellian electromagnetic field, the study brings forward a modified gravity, and applied to the inclined orbit of the rotating planet. Similarly, the modified gravity believes that the gravity possesses the 'magnetic' component, which has the gravitational interaction with the angular momentum of the rotating planet. When the rotating planet is in the equilibrium state of which the total applied force and total applied torque both are equal to zero, the modified gravity will reason out the result that the planet orbits the sun on the inclined plane.
MODIFIED GRAVITY
The electromagnetic field can be described by the quaternion algebra (Hamilton 1843) . In the treatise on electromagnetic field, the quaternion was first used by J. C. Maxwell (Maxwell 1864) to represent the equations and various properties of the electromagnetic field. Similarly, the gravitational field can also be described by the quaternion.
On the analogy of the electric field intensity and magnetic flux density in the electromagnetic field, the modified gravity has two kinds of gravitational strengths. These gravitational strengths are produced by the mass and linear momentum, which are corresponding to the electric charge and electric current respectively. In the same way, the angular momentum is analogous to the magnetic moment, and has a weak gravitational effect also. And the rotational angular momentum of the sun has a gravitational influence on the planetary orbital motion in the solar system.
In the quaternion space (Cayley 1845) , the radius vector R = (r 0 , r 1 , r 2 , r 3 ), and the basis vector E = (1, i 1 , i 2 , i 3 ). 
where, r 0 = ct ; c is the speed of light beam, and t denotes the time.
The velocity V is defined as
The gravitational strength B is defined from the gravitational potential A = (a 0 , a 1 , a 2 , a 3 ) .
where, the symbol • denotes the quaternion multiplication in Table 1 ; and the quaternion operator
In the above equation, we choose the following gauge condition to simplify further calculation.
where, the operator
The gravitational strength includes two components, g = (g 1 , g 2 , g 3 ) and
The linear momentum S = mV is the source of gravitational field. And it satisfies,
where, m is the mass ; µ is the coefficient ; ♦ 2 = ♦ * • ♦ ; * denotes the conjugate of quaternion. The applied force F is defined from the source S ,
where, the applied force F includes the gravity, inertial force, Lorentz-like force (Lorentz 1952) , and interacting force between the angular momentum with gravitational field, etc. The angular momentum M is defined as,
and the applied torque W from the above,
where, the applied torque W includes the torque, kinetic energy, work, impulse, and linear momentum. In the modified gravity, the planet is in the equilibrium state, if the planet satisfies the equilibrium equations, which involve the total applied force F = 0 and the total applied torque W = 0. The equilibrium equation will yield the inclined orbit of the planet. In the paper, we first study the equatorial orbit of rotating planet, and later investigate the inclined orbit of rotating planet. 
EQUATORIAL ORBIT OF ROTATING PLANET
Consider the equatorial orbit motion of a rotating planet in gravitational field of the sun of mass and angular momentum, while the rotating planet is in periodic and stable equilibrium state in Figure 1 .
Equilibrium state
We introduce the cylindrical polar coordinate system (t, r, θ, z) with the origin at the center of mass of the sun. The spin axis of the sun is chosen for z-axis that is constrained to be perpendicular to the equatorial plane of the sun. And that the equatorial plane is coincide with the (r, θ) plane. The radius vector and velocity of the planet are,
and the gravitational strength exerted on the rotating planet is,
where, r 0 , θ 0 , and z 0 are the unitary basis vectors. The rotational angular momentum of the rotating planet is,
simultaneously, the spin axis of the planet keeps fixing in the three-dimensional space in Figure 2 , so it needs to add the constraint as follows.
where, D 1 , D 2 , and α are the constants. By Eq. (7), the equilibrium equation of total applied torque can be written as
m is the mass of the planet. In the cylindrical polar coordinates (t, r, θ, z), the above can be split up into the scalar quantity and vector. In the scalar quantity,
and in the basis vectors (r 0 , θ 0 , z 0 )
where,
In the cylindrical polar coordinates (r, θ, z), the vector can be decomposed further. Along the z-axis,
and on the (r, θ) plane, (15), when the coefficients of the term (mr 0 ) are equal to zero, we can easily see that
The above equations state that each component of the total applied force exerted on the rotating planet is zero. And those equilibrium equations of total applied force can also be deduced directly from Eq.(5). When the planet motion satisfies the requirements of Eqs.(13)−(18), the motion loci of the planet will not change with time totally, and its periodic orbital motion will be stable.
In the gravitational field of the sun of mass and angular momentum, the preceding description yields immediately results about the angular momentum of the rotating planet on the solar equatorial plane. From Eq.(18), we draw some conclusions including the variable areal velocity and the motion loci deviation from the ellipse.
Equatorial orbit
When the planetary motion satisfies Eqs.(16)−(18), the orbital motion of the planet of mass and rotational angular momentum is periodic and stable in Figure 3 . In the cylindrical polar coordinates (r, θ, z), the planet revolves round the sun on the (r, θ) plane.
When
where, ∂(mV)/∂t is written as d(mV)/dt , for the time t is the sole independent variable. Thus
where, f is the gravitational constant; M is the mass of the sun; L s is the rotational angular momentum of the sun; gravitational strength,
where, C is the constant. And therefore
By Eqs. (20), (22), and (23), the orbital equation of the planet is found to be
Considering the contributions from the mass and angular momentum of the sun, it carries out the conclusion that the planetary areal velocity, (r 2 dθ/dt)/2, is no longer the constant from Eq.(22). But the parameter, (r 2 dθ/dt + C 1 /r), is a new constant. We can see that the orbit path of the planet is deviated from exact ellipse. And then
where, D is the constant, e is the orbital eccentricity of the planet. In the solar system, with a little algebraic manipulation, the coefficient (C 1 /rC) of Mercury is about 0.91 × 10 −12 from Eq. (22), and the precession of Mercury's perihelion is about 5.1 × 10 −7 (arc-second/century). The preceding description sets forth that the rotational angular momentum of the sun has only a limited influence on the orbit path of the planet. When L = 0 and b = 0, we can reproduce results consistent with Newtonian gravity in Appendix.
The mathematical model considers the contributions from the angular momenta of the sun and the planet, but it ignores the z-axis component of the orbital velocity. Therefore the model does not yield the orbit inclination angle and is not suitable for describing the actual inclined orbit of the planet. There has to be a better model to investigate the inclined orbit of the rotating planet. 
INCLINED ORBIT OF ROTATING PLANET
Consider the inclined orbit motion of a rotating planet in gravitational field of the sun of mass and angular momentum, while the rotating planet is in the periodic and stable equilibrium state in Figure 4 .
Equilibrium state
In the cylindrical polar coordinate system (t, r, θ, z), the radius vector and velocity of the planet are,
and the gravitational strength is,
By Eq.(7), the equilibrium equation of total applied torque can be written as
and the above can be decomposed as follows.
where, L = mr
When the coefficients of the term (mr 0 ) are equal to zero, we can easily see from above
The above equations state that each component of the total applied force exerted on the rotating planet is zero. And those equilibrium equations of total applied force can also be obtained directly from Eq.(5). When the planetary motion satisfies the requirements of Eqs.(27)−(32), the motion loci of the planet will not change with time in total, and its periodic inclined orbit will be stable.
In the gravitational field of the sun of mass and angular momentum, the preceding description carries out immediately results about the angular momentum of the planet on the inclined orbit. And these conclusions are close to that of Eqs. (12), (14), and (15). We obtains the motion loci lie on an inclined plane from Eq.(29), and the equilibrium equation of total applied force on the (r, θ) plane from Eq.(32).
Inclined orbit
When the rotating planet is in the equilibrium state, the z-axis component of planetary motion loci versus time is the cosine curve under certain conditions. At this time the spatial motion loci of the planet lie on an inclined plane.
In the planar polar coordinates (r, θ), Eq. (29) can be decomposed further. Along the direction of θ 0 ,
and along the direction of r 0 ,
where, ∂(mV rθ )/∂r 0 = m(a r + a θ )/c ; a r = a r r 0 ; a θ = a θ θ 0 . The spin axis of the planet keeps fixing in the three-dimensional space, and then ∂l θ /∂t = ∂l r /∂t = 0 . Simultaneously, Eq.(32) can be separated further. Along the direction of θ 0 ,
These equations state that the total applied force is zero along the directions of θ 0 and r 0 . The total applied torque does not change over time, and then the planet is periodic and stable.
By Eqs. (33) and (35), we have
The above can be further simplified as,
where, ω 2 = P ′ /mr, U = U ′ /mr . And the parameters P ′ and U ′ satisfy,
In Figure 4 , the vertical distance from the planet locus to the solar equatorial plane is
where, ϕ 0 is the angle between the inclined orbit and the solar equatorial plane. If the orbital eccentricity e is tiny, the magnitude of radius vector r 1 is the constant approximately. When the angle ϕ 0 of each locus of the planet keeps invariable, the planet will orbit the sun on one inclined plane. Where, θ 1 is the angle from the planet locus to the solar equatorial plane, and satisfies sinθ 1 = sinϕ 0 cosθ 2 .
In general, the orbital parameters U and ω of the planet are the functions of R, V, g, b, l, and m etc . This study is intended to present a simple case of which the orbital parameters U and ω both approximate to the constants.
When the orbital parameters U and ω of the planet both are the constants, Eq.(38) will produce
where, A and φ are the constants. We can easily see that Eq.(42) is equivalent to Eq.(41), when the orbital eccentricity e is tiny and the orbital parameters U and ω both are the constants. The above means that Eq.(42) can describe the inclined orbit with small orbital eccentricity, if the orbital parameters are the constants. We can also see the inclined orbit of the planet is an immediate deduction of equilibrium equation, and find other results as follows.
(a) Inclined orbit. By comparison Eq. (41) with Eq. (42), we find that the planet revolution round the sun circles on an inclined plane in the three-dimensional space, when the orbital eccentricity e is tiny and the orbital parameters U and ω both are the constants.
(b) Orbital curve. In contrast to Eq.(18), Eq.(32) has more ignored terms. So the orbital curve of Eq. (32) is close to that of Eq.(18). The latter is chosen as the first-order approximation for Eq.(32). And the corresponding orbital curve of the planet on the inclined plane is close to that of Eq.(25).
(c) Orbital period. When the planet revolution about the sun accomplishes one revolution period, the rotating planet completes one cycle to traverse the equatorial plane of the sun along the z-axis. So the orbital parameter ω in Eq. (42) should be equal to the revolution rate of the planet.
CONCLUSIONS
Contrasting with the current gravitational theories, including Newtonian gravity and General Relativity etc., the modified gravity reasons out the orbital curve, inclined plane, and orbit inclination angle of rotating planet from the equilibrium equation of the planet motion.
When the rotating planet orbits the sun on the solar equatorial plane, the equilibrium equation yields results of the ellipse and equal-area law etc. The mathematical model considers the gravitational effect from the rotational angular momentum of the rotating sun. And it carries out the conclusion that the rotational angular momentum of the sun has only a limited gravitational influence on the orbit path of the planet. And that it coincides incompletely with the actual inclined orbit in the three-dimensional space.
When the rotating planet revolves round the sun on the inclined orbit, it works out the ellipse, inclined plane, and orbit inclination angle of the planetary orbit in the three-dimensional space, from the equilibrium equation of the planet. The mathematical model is close to the actual orbit of the planet motion in the three-dimensional space, and provides a simple explanation for the existence of the orbit inclination angle of the planet.
After investigating the former mathematical model, it should be noted that the study for the latter model has examined only one kind of simple case, of which the orbital eccentricity is tiny and the orbital parameters are the constants. It shows that the rotating planet possesses the ellipse, inclined plane, and orbit inclination angle. Despite its preliminary character, this study can clearly indicate that the orbit motion of the rotating planet is always accompanied by the orbit inclination angle. The modified gravity will concentrate on only suitable predictions about the large orbital eccentricity for future studies. We first study the general case of which the orbital eccentricity is not tiny and the orbital parameters are not the constants, and later investigate the reason for the deviations of orbital parameters from the constants for the rotating celestial bodies in the solar system. Consider the equatorial orbit motion of a non-rotating planet in gravitational field of the sun of mass, and the planet is in periodic and stable equilibrium state in Figure 5 . In the cylindrical polar coordinate system (t, r, θ, z), the radius vector and velocity of the planet are, R = r 0 + R ; R = rr 0 + zz 0 ; r = rr 0 ; z = 0. V = c + V ; V = V r + V θ + V z . V r = V r r 0 ; V θ = V θ θ 0 ; V z = V z z 0 ; V z = 0. and the gravitational strength is B = g/c . g = g r r 0 + g θ θ 0 + g z z 0 . g r = g r r 0 ; g z = g θ = 0.
By Eq. (7), the equilibrium equation of total applied torque can be written as The above equations state that each component of the total applied force exerted on the non-rotating planet is zero in Figure 6 . And those equilibrium equations of total applied force can also be derived directly from Eq.(5). When the planet motion satisfies the requirements of Eqs.(A2)−(A7), the motion loci of the planet will not change over time as the whole, and its periodic orbital motion will be stable. 
